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ABSTRACT 


Given a class 6 of topological spaces and a class F of 
mappings of topological spaces, the F-resolvant of B is defined to be 
the class Re (B) of topological spaces whose every F-image lies in B. 
Whenever F is closed under composition and includes identity maps, 

Re (B) is easily seen to be the largest class of spaces smaller than B 


which is closed under F-maps. 


The class Rr (B) was recently isolated as an object of study by 
MacDonald and Willard. Our main interest in this thesis is to investigate 
the F-resolvant of various classes of topological spaces for each of five 
classes F of quotient mappings: the closed, the open, the bi-quotient, 
the hereditarily quotient and the quotient mappings. Also considered are 
the cases in which F is either the class of continuous mappings or the 


class of perfect mappings. 


After introducing the resolvant problem in Chapter I, the F- 
resolvants of first and second countable spaces and of metrizable spaces 
are considered in Chapter II. Chapter III is devoted to F-resolvants of 
the class L of locally compact spaces. It is shown that whenever F 
represents either the class of closed maps or hereditarily quotient maps, 
then RCL) is the collection of all normal spaces which can be written 
X = Xo @® D , where | BX, = x, | <SU and D consists of points isolated 
ays 2.0% 

Resolvants of paracompact spaces are considered in Chapter IV, 


where it is established that every Hausdorff quotient of a paracompact 
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Space X of point-countable type is paracompact iff the set acc X of 
accumulation points of X is compact, or else X is locally compact and 
acc X is Lindelof. Similar results are obtained for the open and bi- 
quotient resolvants in the case of O-dimensional paracompact spaces. Also 
given is an example of a space X whose every Hausdorff quotient is para- 
compact although acc X is non-Lindelof, resolving in the negative a con- 


jecture of MacDonald and Willard. 


Collected together in the last chapter are résults, largely 
proved in previous chapters, concerning the F-resolvants of regular and 


normal spaces. 
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CHAPTER I 


INTRODUCTION 


1. Background. 


Much of the recent research in general topology has been 
stimulated by Arhangel'skii's 1966 survey article entitled "Mappings and 
Spaces" [6], in which it was suggested that greater use be made of the 
method of mutual classifications of mappings and spaces in providing a 
unified approach to the study of topology. Among the problems which he 
isolated for investigation are the following, which were first formulated 
by Alexandroff [1] in his report to the 1961 Prague Symposium on general 


topology. 


Given a class B of topological spaces and a class F of map- 


pings of topological spaces, 
(1) characterize the class P,;(B) of spaces which are F-images of 
F 
of spaces from B ; 
(2) characterize the class of spaces which are F-preimages of spaces 


Exon ibe 


Overlooked in Arhangel'skii's article, but singled out for 
attention in [22] and [23], was the problem with which we are concerned 


in this thesis: 


(3) characterize the class Re (B) of spaces whose every F-image 
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For all classes F of mappings considered here, F is closed 
under composition and includes identity maps. It is easily checked that 
whenever this is the case, then P.(B) , called the F-projector of B , 
is the smallest class of spaces larger than B which is closed under F- 
maps. Similarly Re (B) , called the F-resolvant of B , is the largest 
class of spaces smaller than 8 which is closed under F-maps.’ Thus we 
can write Ry (B) eiBac P(B) . Observe that equality on either side 


implies that B is closed under F-maps, whence we obtain R, (B) ee Pe (B) . 


Our main interest in this thesis is to investigate the F-resol- 
vant of various classes of topological spaces for each of five classes F 
of quotient mappings: the closed, the open, the bi-quotient, the heredi- 
tarily quotient and the quotient mappings. Also considered are the (in a 
sense, limiting) cases in which F is either the class of continuous map- 


pings or the class of perfect mappings. 


The extent to which success has been achieved in obtaining a 
characterization of various resolvants is summarized in the accompanying 
table. Each entry (with the exception of those containing a parenthetical 
rider) characterizes Re (B) for the class F of mappings of the type 
given at the beginning of the row and the class B of spaces of the type 
given at the top of the column. Whenever a characterization of Re (B) 
is not available for 8B in general, we have entered a characterization 
of those spaces from some subclass 8' of 8 which belong to Ry (B) ‘ 
The property defining this subclass 5' is noted in parentheses. Thus, 


for example, entry (3,1) can be read: every open (Hausdorff) image of a 


’ in — . . | : > 
ore - a wh @obk : 
7 mary i 
Pi mete A, an oy ee 
bseols et 1 .sied bersbtenos egnbqq¢aa to 1 aseeslo Lin toh 
eri bedoods ylkecs et 31 .2qam qtisnebr eebuloat bas rn 
a! Yo xppaapord-1 ais balles . (8).5 hoc cand fer 
=~} zebau beuolo at doldw 8 eda t9g78L sezsye to eels 3e0Lfome nt at 
dasgzei odd at ; 3 Yo gnwyioses-1 sii doliss , (8)4F giteiimke .eqem FI 
bu ave? | equim taba beeole si roidw 8 aait 19fieme weoeqe to seslo » 
sbie xeriste ho Y3tisups soda svreedO . (8)g1 > 38> CB) ss 


& 7 


dg = 8 = (8). Hisido sw sored ,eqen-1 rab beaels 9k o jets satignt 
‘ee 


-{dest-1 43 Stagttaovnt o2 zt ateodd etdi Ai Jeszaiai atam m0 
Y eseaalo svti io dose 193 asnnqea issigoingos jo eseesio evolisv to il 
~tbhered ois -idatioiip~id set -ft9qo ast .beacls siz <guakeous snsizoup eo 
8 ai) sf2 sis betsbienor o2ih .agutqast insiioup edt bas sasksoup qitsss 
=Q8m auouniimos 20 eesfo ofa redste at 41° iotdw mt esaso (gba imkt sense 

-agniqqem t59218q io satin siz xo egnkq. J 


LF 
et 


& gntniaido of bovstdos. need sad eassoue dstdw o3 taeata oAT 
gatyorq@oncs sd3 ni boxtyenwe ai e2csvloest anobipy 20 nokissiis33a7aHo: - 
deotisdanexeg & grtatesnos sacra to pottqsoxe sift, Hatw) yrsde sont aides 
aqy? i230 wgntggam 70 1 cocks arly roi (8)5 aestredonzeds (robs j 
2qu ste to eeunqe to 6 eesio of3 bos wor edi io gatnntgsd sdi Js os 
By 48 fo nefzsstastoarads 6 isvousdil -ntiuntos ef3 io qod sid +8 gevi : 
‘WeEIastseFowisHs s beisses aved ov Jston9g at 8 +02 otdatiovs 3 = 
Oe 03 gitoled sotty 3 io °8 apotnsnd. an fa te 
AAT -osnodianayag ni hasan et ‘8. _Seekodia at at fob “erroqoxq ont 
Monae anrobais ange come 5 eee qoaxe 10 


ra See | oar a is 


4 


O-dimensional space X of point-countable type is paracompact iff acc X 
is compact, or else X is locally compact and acc X is Lindelof. For use 
inthe table@only, we define a space X to be an AA-spaceniff X isja 
normal space which can be written X = X ® D , where | BX, = x | <f¥, 


and D consists of points isolated in xX. 


The problem of characterizing projectors has received a good 
deal of attention since Arhangel'skii's paper appeared, and Michael [29] 
has recently consolidated investigations in this area. Since we are 
ultimately interested in determining the relationships between 8B , P. (B) 
and Ry (B) , known results concerning the F-projectors of the class of 
topological spaces in question will be briefly outlined at the beginning 
of each chapter. Observe that for every class B of spaces considered 
here (except second countable spaces), the continuous projector of B is 
the collection of all topological spaces, since every space is a continu- 


ous image of a discrete space. 


Two additional related problems are the following, where iP 


and G represent classes of mappings: 


(4) characterize the class of spaces X for which every mapping 


iis b with domaine © belongs to. Gs; 


(5) characterize the class of spaces Y for which every mapping in 


F with range Y belongs to CG. 


Results concerning Problem (4) have been obtained by Dickman and Zame [12], 
Siwiec [37], Strong [40] and Willard [45]. Problem (5) has been consi- 


dered, for various classes of mappings and spaces, by Olson [33], Palais 
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[34], Siwiec [37], Siwiec and Mancuso [38] and Whyburn [41]. Problems 
(4) and (5) per se fall outside the scope of this thesis, and will be 


referred to only when they have a direct bearing on the resolvant problem. 


2. Terminology and Notation. 


All spaces considered in this thesis are assumed to be Hausdorff 
topological spaces. When speaking of a topological space (X,T) , we shall 
omit reference to the underlying topology and simply write X . The term 


mapping will be used throughout to mean a continuous surjection. 


Our notation is generally standard. If A is a subset of a 
Space X , then the restriction of a mapping f to A will be written 
an ,» the cardinality of A will be denoted by |A| » and Int A will 
mean the interior of A . Following MacDonald and Willard [23], acc X 
will be used to denote the set of non-isolated (or accumulation) points 
of a space X . (Some authors refer to acc X as the derived set of 
X .) N will always represent the set of positive integers, and by X@Y 
is meant the disjoint union of the spaces X and Y. The abbreviated 
form — will often be used to refer to the sequence (x | moe  N)ias 


"convergent sequence" will be understood to mean the range of the 


and 
sequence together with its limit point. The first uncountable ordinal will 


be denoted by WwW, , and by the space of countable ordinals will be meant 


BE 


the interval [o,W,) with the usual order topology. Use of the continuum 


hypothesis in proving a particular result will be indicated by [CH] . 


By "the quotient resolvant of paracompact spaces", we shall mean 


Re (B) where B is the class of all paracompact spaces and F is the 
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class of all quotient mappings with Hausdorff range. Similar terminology 


will be used in the case of projectors. 


Definitions of topological terms used can, for the most part, 


be found in Willard [44]. Defined below are some exceptions to this rule. 


Definitions 2.1. 


(apy “Ae tami ly {A. | s <« S} of subsets of a space X is called 


closure-preserving [26] if U A, = A, for every Tc S 


seT sel 


(b) A space X is said to be collectionwise normal [9] if for every 
discrete family tee | s € S} of closed subsets of X » there 
exists a discrete family cH | se S} of open sets such that 


Fes for every sesS 
Ss Ss 


(c) A space X is locally countably compact if every point in X 


has a countably compact neighbourhood. 
(d) A subspace A of a space X is clopen if it is both open and 


closed in X. 


Definitions 2.2. Let f£ be a mapping from X to Y. 


(a) f£ is closed if the image of each closed subset of X is a 
closed subset of Y. 

(D)e feeispperLecteilt 9) eis scloseaeand rey) HemcompacteLor 
every yeY. 


(c) f£ is open if the image of each open subset of X is an open 


subset of Y. 
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fa). £. is P, (McDougle [24;25]) if for each y € Y , there exists 
a compact subset Ke of cae) such that y e« Int(f£(U)) when- 
ever U is a neighbourhood of oc 

(e) £ is bi-quotient (Michael [27]; see also Hajek [17]) if for 
every y € Y and every open cover U of Peas » there exist 
finitely many members of U such that y is interior to the 
image of their union. 

(£) £ is countably bi-quotient (Siwiec and Mancuso [38]) if for 
every y € Y and every countable open cover U of hy) r 
there exist finitely many members of U such that y is inter- 


ior to the image of their union. 


(g) f£ is hereditarily quotient if f ae is a quotient mapping 
(Usa) 


forsevery koue Yo. 

(h) f£ is pseudo-open (Arhangel'skii [4]; see also McDougle [24]) 
if for every y ¢€« Y and every open neighbourhood U_ of 
aD Sey en Liter (Ui 

(1)))& As quotient if a subset S°¢ ¥ isjopen in Y whenever 


he T¢g) is open an) ok =. 


Remarks 2.3. (a) If F represents ‘the class of all mappings of one 
of the types defined in 2.2 (with the exception of P. - maps), then F 
is closed under composition and includes identity maps. Hence 
Re (B) = jap <= P(B) for any class B of topological spaces. 
(b) We shall occasionally make use of the following characterization 
Of closed mappines: sa mapping 9: X= Ys is closed iff for every y « ¥ 


oT f ‘ 
and every open neighbourhood U of f£ (y) , there exists an open neigh- 
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bourhood V of y_ such that fon = 10 
(c) Arhangel'skii [4] has shown that the hereditarily quotient map- 
pings are precisely the pseudo-open mappings. Another formulation of 


their definition (see [24]) is that whenever y « A in Y » then 


tty) n f(a) #6. 


The basic implications between the various types of mappings are 


shown in the following diagram. 


perfect 


closed open 


bi-quotient 


| 


countably bi-quotient 


| 


hereditarily quotient 


| 


quotient 


insitoup+id 
tasisoup-td yidsinvos 


‘ 
| tmatzoup yitrsaibszsd 


CHAPTER IL 


COUNTABILITY AXIOMS AND METRIZABILITY 


3. Projectors. 


Definitions. 


(a) A space X isa Fréchet space if whenever x ¢« A in xX oY een 


theére.i1s ausequencelin A. couvereing, to |x. 


(b) A space X is sequential if whenever Ac X contains the 
limit points of each sequence in A which converges, then A 


is closed. 


An enlightening study of sequential and Frechet Spaces has been 
carried out by Franklin [14,15]. As is well known, every first countable 
Space is a Frechet Space and every Frechet Space is sequential. A result 
due to Arhangel'skii [4] states that Frechet spaces, and only these, are 
hereditarily quotient images of metric spaces. Franklin [14] subsequently 
proved that sequential spaces, and only these, are quotient images of 
metric spaces. He [14] also showed that every hereditarily quotient image 
of a Frechet space is Frechet, and that every quotient of a sequential 
space is sequential. Hence the hereditarily quotient projector of first 
countable spaces consists of all Fréchet spaces, while the quotient pro- 
jector of first countable spaces consists of all sequential spaces. Since 


open maps preserve first countability, the open resolvant and the open 
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projector of first countable spaces are both simply the class of all first 


countable spaces. 


Second countability is preserved by perfect maps, open maps and 
bi-quotient maps (see Michael [27]). Hence if F represents the class 
of any one of these three types of maps and 8B is the collection of all 


second countable spaces, then we have Re (B) = B= Py (B) 


A good deal is known about the projectors of the class M of 
metrizable spaces. Since every perfect image of a metrizable space is 
metrizable [18], we have Re (M) =Me= P.(M) for the class F of perfect 
maps. That the open projector of metrizable spaces is the class of first 
countable spaces follows from a result, obtained independently by Pono- 
marev [35] and Hanai [19], stating that a topological space is first 
countable iff it is a continuous open image of a metrizable space. For 
the class F of bi-quotient maps, Pe (M) is the class of bi-sequential? 
spaces, as Michael [29] has recently proved that a topological space is 
bi-sequential iff it is a bi-quotient image of a metrizable space. The 
hereditarily quotient and the quotient projectors of metrizable spaces 
coincide with their counterparts for first countable spaces, according to 
the results (of Arhangel'skii and Franklin) quoted at the beginning of 


this section. 


4. Resolvants of First Countable Spaces. 


We shall frequently call upon the following simple, but useful, 


result. Since it provides a sufficient condition on a space X under 
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which every quotient mapping of X is closed, it relates to Problem (4) 


in the introduction. 


Proposition 4.1. Every countably compact subset F of a sequential 


Hausdorff space xX is closed. 


igeleney If F is not closed, we can find a sequence (x) in F conver- 
ging to:a. point x ¢F . Since F is countably compact, (x) has a 
cluster point peéeF. But then x and p cannot be separated by open 


sets, contradicting the assumption that X is Hausdorff, so that F must 


be closed. 


Corollary 4.2. If xX is a countably compact, sequential Hausdorff space, 


then every quotient mapping of X is a closed map. 


Definition,4.3. Let A be a subset of a space X. 


(a) “A* collection” 8B of open subsets of K is"a base at A’ if 
each member of B contains A , and for every open G con- 
taining) "Nw. there exists: |b ee “such that” <5 orG 5 

Cb) A sioaaaid to be of countable character if there exists a 


countable base at A. 


Topological spaces in which every closed subset is of countable 
character have been studied by Aull [7]. In view of the following propo- 
sition, the inclusion of "regularity" in the hypothesis of many of his 


results is redundant. Two such results are stated in the corollary below. 


(A) maldort 03 aojsiex 3t ,beaold et X 2 aniqges anetaoup caave doi 


{atinsupse 2 io % toadite Josqmo> yldaiasos yravd L.A soltbeogord 


i 
beests'el & sanqe Sv0beuell 


mayniod «2 ook 6{ *) soneupes & baiz? aso sw ,beeol> Jom at F 21 -igoxd 
& eed ( *) ~Joeqaon Yidejnvoo at Y sont? . Tx saieg & 09 anig 
nego yd betuxveeee sd 30nne2 q bas x ned wh . 12 q JIntog rJeuls 
jaui Y wehd o2 ,2txobewaW at X sis nobsqmuess os gubsastbex3n05 2398 
.bswols ad 

esiqe LitvobevcH Lniiooupae ,issqmoo yidssnveo w at KX 25 «£8 


-a6in bseol> e ei X 26 gaiaghm Jasisoup yisvs ass 


. % Sosqe & to tsedve wp od A jad Eh 


bes A ja-seed 5 et xX %o atsedve n9qo to G& wnoksssfion A (es) 
=—f69 ©) «sge yssve 10t bie , A entezooo 8 to xedtom does . 
-9SG23A elt douse G3 8 eseixe oxsia . A gninted 
& Bscixe s1sd2 as xpiasisdo sidetayos to sd od bise ek A (i) 


: A 36 sesd sldasnues 


sldsinues t0 ak Jsedye buesis yxeve dotdw ob sscsqe isotgologoT 
~ogo7g goiwoiloci efi ico weiv ol .[¥] fiuA yd beibuae feed 4ver rox5—18d9- 
Se) tet abhcinnael se) af “yalteiuges” 20 wotevionk 93 .nokske 

d ublteres of of Loseze ous ediusor due ov -eaebor sb natu 


122 


Recall that a base 8B for X is point-countable iff each point 


of xX belongs to at most countably many members of B. 


Proposition 4.4. If xX is a Hausdorff space in which every closed sub- 
set is of countable character, then X is regular and acc X is countably 


compact. 


Proof. Suppose every closed subset of X is of countable character. If 
X is not regular, we can find a closed subset F anda point x ¢ F 
which cannot be separated by open sets. Let {G | ne N} and 
{H | n € N} denote nested open bases at x and F respectively such 
that . ¢ H and GC oF = for each neN. Then the sequence (x) 
formed by choosing x € en n He converges to x. Let A= {x | ne N} 
U {x} . Since X- A is an open neighbourhood of F , Ho soe Ae ron 
some meN. But this implies x ¢ A , a contradiction. Therefore X 
must be regular. 

That acc X is countably compact now follows from Aull's result 


[7] that every regular space in which each closed subset is of countable 


character is the union of a countably compact set and isolated points. 


Corollary 4.5. If xX is a Hausdorff space whose every closed subset is 


of countable character, then 


(a) X is perfectly normal and collectionwise normal; 


(b) X is metrizable iff X has a point-countable base. 
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MacDonald [22] has shown the equivalence of statements (c) and 


(d) in the following theorem for regular xX. 


Theorem 4.5. The following statements are equivalent for a Hausdorff 
space X : 
(a) every Hausdorff quotient of X is first countable; 
(b) every hereditarily quotient Hausdorff image of X is first 
countable; 
(c) every continuous closed Hausdorff image of X is first counta- 
ble; 


(d) every closed subset of X is of countable character. 
PLOOE. That. (a) "=> (pb) => (ec) is clear. 


(c) => (d) : Suppose (c) holds and let F bea closed subset of X. 
Let f£ denote the quotient mapping obtained by identifying F to a point 
Dee cndalet {U | n¢« N} be a countable base at p. Then 
{2 "(u,) | ne N} is a countable base at F , since f is a closed map- 
ping. 

(d) => (a) : Suppose every closed subset of X is of countable 
character and let f£ be a quotient mapping from X onto a Hausdorff space 
Y . We must show that each non-isolated point of Y has a countable base. 
Given ) y7e “acc XY 5; let is | n ¢ N} denote a countable open base at the 
closed set ey . Now acc X is countably compact by Proposition 4.3, 
Soe tnate paccs Aa Ue is countably compact for each n . Since X is first 
countable and sequential spaces are preserved by quotient mappings, Y is 


sequential. Therefore f(acc X - U, ,» being countably compact, is a 
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closed subset of Y , whence X - pata etac X - U») is an open neigh- 
bourhood of cave aoe G va s f£(U_) n [Y - £f(ace X - UD) . Then 
ee) = Eeace (un) n [X - Cri (acc X - UD and is open in X , since 
£"w,) ) Bee % SE us Peach ve is therefore an open neighbourhood of y 
contained in f£(U_) 

To see that {V, | ne N} forms a neighbourhood base at y , 
let G be a neighbourhood of y . Then fay) c tha c fa (c) for some 


meN , whence ye kag e f£(U_) cc G , as required. 


Corollary 4.7. If every closed subset of a Hausdorff space X is of 
countable character, then every quotient mapping of X is countably bi- 


quotient. 


Rroot . This follows immediately from a result of Stone [39] to the 
effect that a quotient mapping onto a first countable space is countably 


bi-quotient. 


Note that, by the previous theorem, the quotient resolvant of 
first countable spaces is contained in the quotient resolvant of regular 
spaces. But MacDonald and Willard [23] have shown that the continuous 
resolvant of regular spaces is the class of all compact spaces, so we 


obtain 


Corollary 4.8. Every continuous Hausdorff image of X is first countable 


iff X is a compact space in which every closed subset is of countable 


character. 


The proof of the following proposition is straightforward. 
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Proposition 4.9. Every Hausdorff perfect image of a first countable 
space X is first countable iff every compact subset of X is of count- 


able character. 


Proposition 4.10. Each of the following conditions implies that every bi- 


quotient Hausdorff image of X is first countable: 


(a) X is second countable; 

(b) every closed subset of X is of countable character; 

(c) X is locally compact and every compact subset of X is of 
countable character; 

(d) X is locally countably compact and every countably compact sub- 


set of X is of countable character. 


Proof. (a) Michael [27] has shown that bi-quotient mappings preserve 
second countability. 

(b) This follows from Theorem 4.6. 

(c) Every bi-quotient mapping of a locally compact space is Po 
(see Siwiec and Mancuso [38, Proposition 1.1]), and it is easily checked 
that every Py - image of a space X is first countable iff every compact 
subset of X is of countable character. 

(d) Suppose X satisfies (d) and let f be a bi-quotient mapping 
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every neighbourhood U of the countably compact subset Kn ‘ea pee t 
G = Int f(K) - f£(K-U) . Now £(K-U) , being a countably compact subset 
of a sequential space, is closed. Hence G is an open neighbourhood of 
y contained in f(U) . Finally, let {H | n « N} be a countable base 


1 
Ata Katietucty) .. Ihea. (lar f(A) | née N} is a countable base at Vie 


Corollary 4.11. Every bi-quotient image of a locally compact metric 


space is first countable. 


Since the identification of a compact subset of a Hausdorff 
space X yields a bi-quotient mapping of X , a necessary condition in 
order that every bi-quotient image of X is first countable is clearly 
the requirement that every compact subset of X is of countable character. 
(That requiring every countably compact subset to be of countable charac- 
ter is not necessary can be seen by considering the space of countable 
ordinals.) The following example shows that this condition is not suffi- 


cient even for metrizable spaces. 


Example 4.12. This example, conceived by Michael [28], was presented in 
[38, Example 5] to show that a bi-quotient mapping of a metrizable space 
need not be P., - Let X be any compact, first countable space contain- 
ing a compact subset K which is not of countable character. (For example, 
let X = LXL where L is the lexicographically ordered square and K is 
the diagonal in LXxL .) Since X is first countable, there exists an open 
mapping f from a metrizable space M onto X (see [19] or [35]). Let 

Y be the quotient space obtained from X by identifying K to a point. 


Then Y is clearly not first countable and the induced mapping g is 
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perfect. But g ° f , being the composition of two bi-quotient mappings, 


is a bi-quotient mapping from the metrizable space M onto Y. 


5. Resolvants of Second Countable Spaces. 


The following results were obtained by MacDonald [22] for 
regular spaces. The proofs given here, for Hausdorff spaces, are somewhat 


simpler. 


Theorem 5.1. The following are equivalent for any Hausdorff space X: 


(a) every Hausdorff quotient of X is separable metrizable; 

(b) every Hausdorff quotient of X is second countable; 

(c) every hereditarily quotient Hausdorff image of X is second 
countable; 

(d) every continuous closed Hausdorff image of X is second count- 
able; 


(e) X is separable metrizable and acc X is compact. 


Proof, That (a) => (b) => (c) => (d) is obvious. 
(d) => (e) : Assuming (d), we conclude from Proposition 2.4 and 
Theorem 2.6 that X is a regular, hence metrizable, space and that 


aqece US eCOmMpack . 


(e) => (a) : This implication follows from a result originally due 


to Rainwater [36] and stated in Theorem 6.2, together with the fact that 


separability is preserved under continuous mappings. 


Applying a result of Willard (see Theorem 6.1), we obtain 
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Corollary 5.2. The following are equivalent for any Hausdorff space X : 


(a) every continuous Hausdorff image of X is second countable; 
(b) every continuous Hausdorff image of X is separable metrizable; 


(c) X is compact metrizable. 


6. Resolvants of Metrizable Spaces. 


Theorem 6.1 (Willard [43]). Every continuous Hausdorff image of X is 


metrizable iff xX is compact metrizable. 


Theorem 6.2. The following are equivalent for a metrizable space X : 


(a) every Hausdorff quotient of xX is metrizable; 

(b) every hereditarily quotient Hausdorff image of X is metriza- 
ble; 

(c) every continuous closed Hausdorff image of X is metrizable; 


Ud era cCeX sas econipece, 


Proof. That (a) => (b) => (c) is obvious. Willard [43] has shown 
the equivalence of (c) and (d). That (a) and (d) are equivalent was 
originally proved by Rainwater [36], and later by MacDonald [22] and by 


Abstéer. [25 


Lemma 6.3. If f£ is a bi-quotient mapping of X and U is a neigh- 


bourhood 6fncacchX {)-thens f° restricted ‘to’ 'U “is also bi-quotient: 


Proof. Let £ be a bi-quotient mapping from X onto a space Y . 


-1 
Givenk ye 1(U) yelet G = {G, | a € A} be an open cover of £ (y) nU. 
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Then "'GSG {x :*x fants) - U} is an open cover of G) ee Sinecadie 


is bi-quotient, there exist oye an and points ne: in 
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i=1 
Theorem 6.4 [CH]. If X is a O-dimensional metrizable space, then 


the following are equivalent: 


(a) every bi-quotient Hausdorff image of X is metrizable; 
(b) every open Hausdorff image of X is metrizable; 
(c) acc X is compact, or else X is locally compact and acc X 


is separable. 


Proof. That (a) implies (b) is obvious. The equivalence of (b) and (c) 


was proved (on the continuum hypothesis) by Alster [2]. 


(c) => (a) : If acc X is compact, then every Hausdorff quotient 

of X is metrizable by the previous theorem. So suppose X is locally 

compact,and .acc X is separable. Let {U | née N} be a cover of acc X 
Powis «eo ee 

by sets open in X and with compact closures. Then U= vu U = u U 
Eales abla cil ce 

is locally compact and separable. By the previous lemma, f restricted 

to U is bi-quotient, so that £(U) is second countable and regular, 


hence separable metrizable. But Y is the disjoint union of f(U) and 


its discrete complement, whence Y is metrizable. 


Since the O-dimensionality of X was not used in the above 
proof of (c) implies (a), it is clear that either of the two conditions 


given in part (c) is sufficient for every bi-quotient image of a metriza- 


ee : _ _— 8 i : ie _ > 
! : =—- 7 = 
= 


© a cma. iY 20 mad ange os a2 WCET a ee 
Ah fe ae seashore "oe a 


—~ + 


a 
Se: et U of bounizsess i bas , ( sp? ps jal at / i ; 


nod ,songe Sidsstatom isactensmb-0 2 at & 71 .{80) b.:dumemoedT | 
:tnsiayvivps sis gniwoltes oa 


teldusixvjom 2i X 6 ogem! TitebeusH instzourp-id yrave (se) . 
sSidssiziow ai X to sgsmi Jisobevali nequ ytovs (4) 
X% o5e bose soeqmos ylisoof ef % seig 10 ,358qmoo ef Kone (5), 


-Sldsiagea ek 


(9) hime (4) 20 eonsdavtups SxT .2uotvdo at (d) astiqme (n) aad .2o0yg 


-{S} yose ta ed (elesitocuwn. maolsnos sd3 no) bsverg eaw 


Sastjoup Birobeval yisvs asi? ,dzseqmos Bi 4 ob8 TT : (se) <= (5) 
ylissof at X seeqque o% | .merqul? evotyerg of3 yo sftestyianr SE ZX Fo 
E598 30 teven AB Sc ik so | a} tei .sldaxaqsa ef Koss bos T2eqHOS 


fe —s 
yo= 0 b =U aed? .25xvaol> gosqwoo dyiv bes K nt nage exes yd 


U 

"ier 8 tee 

betokzjes1 2 ysmmel evciverq afi yo sidevsqse bne 3>2qnoo yLlesok at 
,» Hhugez bas sfdsdnuos bnovse at (U3 > Jsit 0& ,insizoup-Fé eal U ag 

bea (U)2 to nom aqtotath siz et Y wa .efdestasen oidez.gs8 soand. 


-sidastizeq at Y socorlw ,3oomelqmos easton th eat 

| 423 

evods Sd3 Hi boew ton 26w KX Yo ea erepe sd3 sonte 
Snot stbies owt ads to rsitate aay saofo ak 22 (6) asttgnt (> 4e too 


RMR Ye eens sien ar anes a : 


Z0;. 


ble space “X\*to be metrizable. As pointed out by Alster. [2], an additional 
sufficient condition under which every open image of a metrizable Space X 


is metrizable is that X is the disjoint union of metrizable continua. 


We conclude this section with a glimpse of what can be expected 
regarding resolvants in the uniform setting. Because we are digressing 
somewhat from the main theme, our discussion will be brief and details are 
omitted. To aid in this regard, familiarity with the notation, terminology 
and basic results in uniform spaces as given in Willard [44, Sections 35 - 
41] will be assumed. All mappings are uniformly continuous, and a uniform 
Space (X,uU) is understood to be a set X equipped with a separated cov- 
ering uniformity w.. Thus a uniformity. } on xX will be a filter of 
coverings of X with respect to star-refinement. Recall that a space 


(X,u) is uniformly metrizable iff tu has a countable base. 


As is well known, the Stone-Cech compactification of a metrizable 
space X is metrizable iff X is compact. More generally, it is not 
difficult to show that the Samuel compactification [44, p. 274] of a uni- 
formly metrizable space (X,H) is (uniformly) metrizable iff (X,u) is 
totally bounded. Applying [44, Theorem 39.10], one then concludes that if 
(X,u) is a totally bounded, uniformly metrizable space, then every uni- 
formly continuous image of (X,uU) is uniformly metrizable. The converse 


follows easily, yielding a uniform analogue of Theorem 4.1: 


Proposition 6.5. Every uniformly continuous image of a uniformly metri- 


zable space (X,u) is uniformly metrizable iff (X,u) is totally bounded. 
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Thus, for example, every uniformly continuous image of the inter- 
val (0,1) (with its usual subspace uniformity inherited from the real 
line) is uniformly metrizable, although there exists a non-metrizable her- 


editarily quotient image of (0,1) 


The following defintion enables us to characterize, without much 
effort, the F-resolvant of uniformly metrizable spaces for a large subclass 


F of the class of all uniform quotient maps. 


Definition 6.6. Letayt =: CAs) oe (25). be ‘al mapping. 


(a) £ is a uniform quotient mapping if v is the finest uniformity 


on Y which makes f uniformly continuous. 


(b) £ is uniformly pseudo-open if for each Ue U , there is some 


Uren, Suche thateron every y e0Y 5 St(y.V) 2 £[St Eloy : 


It is easily checked that every uniformly pseudo-open map is a 
uniform quotient map, and that every uniformly open map (see Kelley [21, 
p. 202]) and every uniformly closed map (see Dowker [13]) is uniformly 
pseudo-open. In addition, every uniformly pseudo-open map is pseudo-open 
with respect to the induced uniform topologies. Note that this is in 
contrast to the general situation in which the topology induced by a 
quotient uniformity may be strictly coarser than the corresponding quotient 


topology. 


Given a uniformly pseudo-open map f : (X,y) > (Y,v) , there 
; -1 
corresponds to each Ue« y a uniform cover {f[St(f “y,U)] | ye ¥} of 


Y . It can be readily verified that the collection of all such uniform 
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covers of Y forms a base for V. Therefore every uniformly pseudo-open 
image of a uniformly metrizable space is uniformly metrizable. In other 
words, if fF represents either the class of uniformly open maps, uniformly 
closed maps or uniformly pseudo-open maps, then the F-resolvant of uniformly 


metrizable spaces is just the collection of all uniformly metrizable spaces. 
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CHAPTER IIT 


LOCAL COMPACTNESS 


La SELOJECLOLS. 


The F-projectors of locally compact spaces, for the classes F 
of mappings of interest in this thesis, are all known. Since bi-quotient 
maps preserve local compactness [27, Proposition 3.4], it is clear that 
Ry (L) se lee Py (L) whenever F represents the class of perfect maps, open 
maps or bi-quotient maps and L is the collection of all locally compact 
spaces. Arhangel'skii [5, Theorem 3.3] has shown that every hereditarily 
quotient image of a locally compact space is a k'-space® and conversely, 
that every k'-space is an hereditarily quotient image of the disjoint union 
of all its compact subsets. Hence the hereditarily quotient projector of 
locally compact spaces is the class of all k'-spaces. That the quotient 
projector of locally compact spaces is the class of k-spaces follows from 
a theorem of Cohen [ll]: X is a k-space iff X is a quotient of a locally 


compact space. 


8. Resolvants of Locally Compact Spaces. 


In this section we characterize the F-resolvant of locally 
compact spaces, where F ‘represents either the class of Ban tinued maps, 
closed maps or hereditarily quotient maps (with Hausdorff range). The 
continuous case can be dispensed with immediately, as a corollary to the 


following theorem. 
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Theorem 8.1 (MacDonald and Willard [23]). Every continuous Hausdorff 


image of X is regular iff X is compact. 


Corollary 8.2. Every continuous Hausdorff image of X is locally compact 


Lehi .X- (hs. compact : 


For convenience, let us call a neighbourhood U_ of a closed sub- 
set F almost compact if U contains no non-compact closed subset disjoint 
from F . If xX is normal, it is easy to see that whenever U is an almost 
compact neighbourhood of F and FcVcU,, then V is likewise almost 
compact. Moreover, every compact subset of a locally compact Hausdorff space 


has an almost compact (in fact, compact) neighbourhood base. 


The following lemma may be of some independent interest, inasmuch 
as it provides both an internal and an external characterization of those 
normal topological spaces (without isolated points) having finite remainder 


v 
in their Stone-Cech compactification. 


Lemma 8.3. If X is a dense-in-itself Hausdorff space, then the follow- 


ing are equivalent: 


(a) every hereditarily quotient Hausdorff image of X is locally 


compact}; 
(b) every continuous closed Hausdorff image of X is locally compact; 


(c) X is a normal, countably compact space with the property that 


every closed subset has an almost compact neighbourhood; 
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(d) X is a normal space with at most finitely many mutually disjoint 


closed non-compact subsets; 


(e) X is normal and |X - X| oye ; 


Proof. (a) => (b) : This implication is obvious, since every continuous 


closed mapping is hereditarily quotient. 


(b) => (c) : Suppose every continuous closed image of X is 
locally compact. Then X must clearly be normal, for otherwise there 
exist two disjoint closed subsets which cannot be separated by disjoint 
open sets. By identifying one of these to a point, we obtain a non-regular 
Hausdorff image of X under a closed mapping. 
If X is not countably compact, there is an infinite closed 
subset A ¢C X with no accumulation points. Let f : X > Y _ be the quotient 
mapping obtained by identifying A to a point. It will be shown that Y 
is not locally compact at the point f(A) =a. We may assume A = laysag.toel. 
Since X is locally compact and Hausdorff, it is regular. Hence 


we may select neighbourhoods U,2Uy5°°° of ajsag5°** such that 


co 
U. nu, = ® whenever i#j. Let U=f( vu U,) . Then U is a neighbour- 
Pads i=] 
hood of a in Y and so contains a compact neighbourhood V of a. But 
then fay is a neighbourhood of A in X _, and aay = vy U Vy BR 


where V; = fv n U; . Now V5 is a neighbourhood of a; for each wet , 


and we can pick neighbourhoods S. and T, so that a, € Ss, neS: Galea ean. 
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subcover of this cover can be found, contradicting the assumption that V 
is compact. Thus X must be countably compact. 

Finally, it is immediate that every compact subset of xX has an 
almost compact neighbourhood. That such is also the case for any closed 
non-compact subset F becomes evident if one considers the closed mapping 


obtained by identifying F to a point. 


(c) => (d) : Suppose X satisfies the properties of (c) . Then if 
(d) does not hold, there exists a countable collection LFS | gine “Nive of 
mutually disjoint closed non-compact subsets of xX. We shall first 
establish (by induction) the existence of a sequence of mutually disjoint 
closed subsets of X , each of which is a neighbourhood of some closed non- 


compact subset of X. 


fowthis end.) Let F, = Fi - Choose G) to be an almost compact, 
open neighbourhood of F, and choose Ky to be a closed neighbourhood of 
Ba contained in G) . Now suppose that for each i=1,°**,n , we have a 
' 
closed, non-compact subset Fy of F » a closed neighbourhood Ke of 
Fy » and an almost compact, open neighbourhood G, satisfying 2s. G, 
. : : ' s n 
and K. n Ss = § whenever i#j. Define Leh = ere n (X - ay G,) 
' 
Then F 4 is a non-empty closed, non-compact subset of X . Choose 
4 v 
Cal to be an almost compact, open neighbourhood of Ee whose closure 
n ' 
misses a K, » and choose Koel to be a closed neighbourhood of Fel 
contained in Es . We can thus inductively construct a sequence 


{K, | i e« N} of mutually disjoint closed subsets, each K, being a neigh- 


' 
bourhood of a closed non-compact subset Fy 
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To see that the existence of such a collection contradicts (c), 
define 7G" torbertic clostre of Cthe-set of “all”accumulation points of 
sequences formed by picking exactly one point from each of infinitely many 


1 
F. - Although C is disjoint from each F. » every neighbourhood of C 


! 
must contain all but finitely many Fs - But this contradicts the hypoth- 


esis that C possesses an almost compact neighbourhood, thus completing 


the proof that (c) implies (d). 


(d) <=> (e) : That (d) is equivalent to (e) follows easily from the 
well-known fact that, for normal X , BX is just the Wallman compactifi- 
cation of X . The points of §$X - X , then, are in one-to-one corres- 


pondence with the free closed ultrafilters on X. 


(d) => (a) : Suppose X satisfies (d) and possesses at most n 
mutually disjoint closed non-compact subsets. Let f be an hereditarily 
quotient mapping of X onto a space Y . Given an arbitrary point 
y «€ Y , we must show that y has a compact neighbourhood. Now if hee 
is compact, then Cay has a compact neighbourhood K , whence f(K) is 
a compact neighbourhood of y . So suppose Pe is a closed non-compact 
subset of XX. Then acy possesses a closed, almost compact neighbour- 
hood V.. For otherwise, normality allows us to choose a collection of 
n+l mutually disjoint closed non-compact subsets, contrary to hypothesis. 

Now since f(V) is a neighbourhood of y , the proof will be 
complete once we show that f(V) is compact. But this follows easily, 
since if H is any open neighbourhood of y , then V - eau is com- 


pact, whence £(V) - H is compact. Therefore £(V) is compact. 
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Remarks 8.4. In the proof of the previous lemma, the hypothesis that X 
is dense-in-itself was used only to show that (b) implies X is countably 
compact. It is easily checked that the same proof justifies the following 


Statements for any Hausdorff space X : 


(i) If X satisfies Lemma 8.3 (b), then acc X is countably compact 
and every closed subset of X has an almost compact neighbourhood. 

(17) ein lemmas5 135 Gc) =>) (d) <=>" (e) =s a =>-(b). Thats (d))=> (ce) 
for any Hausdorff space X can also be verified easily, for any non-count- 
ably compact space contains a sequence (x) having no cluster point. But 
(x) can then be written as the union of countably many mutually disjoint 


closed non-compact subsets. 


Thus we have (c) <=> (d) <=> (e) for any Hausdorff space X. 
The following example shows that "normality" is not a redundant hypothesis 


in statement (d). 


Example 8.5. A non-regular, countably compact Hausdorff space X with 
the property that of every pair of disjoint closed subsets of X , at 
least one is compact. 

Let X= [0,w.) U {w, } , with the space of countable ordinals 
carrying the usually order topology and basic neighbourhoods of eh being 
of the form Lo sw, | - L where a [0,w,) and L is the set of limit 
ordinals in [0,w,) . Then {w, can't be separated from the closed set 


L , and every closed non-compact subset of X contains a residual subset 
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Lemma 8.6. If X is normal and X= Xo ® D , where D consists of 


points isolated'in -X , then 


(i) if every continuous closed Hausdorff image of X is locally 


compact, the same is true for xX, : 


(ii) the restriction to Xx, of an hereditarily quotient mapping on 


X is hereditarily quotient. 


Proof. (i) Given a continuous closed mapping f on xX, » define 


fs kee £(X_) @PDpebyy &£ x 7 f and g p is the identity map. Since g 
fe) 

is a continuous closed mapping on each component, it is a continuous 

closed mapping on X. Therefore £(X,) ® D , and hence £(X_) » is 


locally compact. 


(ii) Let f be an hereditarily quotient mapping from X onto a 
space Y . To seé that the restriction of f to xX is nereditarily 
quotient, choose a point yé £(X,) and an open neighbourhood U of 
ety) n xX, in X, peeoInCe as ets ral SOsOpen i.Nes 4 a, eU a cae) n D) 
is an open neighbourhood of aC) in xX. Therefore 
EIU a Ce U D)] = £(U) is a neighbourhood of y in Y , hence also 


in £(X,) 


Theorem 8.7. The following statements are equivalent for any Hausdorff 
Space. Fx: 
(a) every hereditarily quotient Hausdorff image of X is locally 


compact; 


(b) every continuous closed Hausdorff image of X is locally 


compact; 
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(c) X is normal and X =X @D , where | Bx - xX | <fV¥ and D 
Oo fe) fe) re) 


consists of points isolated in xX. 


Proot.,. (a) == (b) is obvious. 


(b) => (c) : Suppose every continuous closed Hausdorff image of 
X is locally compact. Then by 8.4 (i), acc X is countably compact and 
has an almost compact neighbourhood xX, - Easily, xX, is also countably 
compact. Since xX, is clopen, it follows from 8.4 (i) and 8.6 (i) that 
xX, satisfies property (c) of Lemma 8.3, so that |8X, = x | as 


Thus X= xX ® (X-X ) , where | Bx - X | < fv and (X-X_) consists of 
fe) e) fe) fe) fe) fe) 


points isolated in X . That X must be normal follows as before. 
(c) => (a) : Suppose X satisfies (c) and let f be an heredi- 
tarily quotient mapping of X onto a space Y. By 8.6 (ii), the restric- 


seleyalwone 38 " fete) Xo is hereditarily quotient. Hence £(X,) is locally 
compact; Dy G.4.(i1), So that Y isthe disjoint union of a locally compact 
space and a discrete space. Therefore Y is locally compact, and we are 


done. 


Example 8.8. Given any positive integer n , the disjoint union of n 
copies of the countable ordinals provides an example of a normal space X 
with | Bx = X| =n , and hence an example of a space whose every heredi- 
tarily quotient Hausdorff image is locally compact. 

The Tychonoff plank shows that "normality" cannot be omitted 


from statement (c) in the previous theorem. 
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Example 8.9. Although the closed and hereditarily quotient resolvants 
of locally compact spaces coincide, the following example illustrates 
that closed and hereditarily quotient mappings need not coincide on spaces 
belonging to these resolvants. 
Let X=Q OL, econ L is the space of limit ordinals in 
[0,w,) , and let £ be the obvious map from X onto {& . Then X is 
a normal space with | Bx = X| = 1. But although the map f is bi-quotient, 


and hence hereditarily quotient, it is neither open nor closed. 


That condition (c) of Theorem 8.7 is necessary for every Haus- 
dorff quotient of X to be locally compact is clear, but sufficiency 
remains unproved. It follows from the next corollary, however, that every 
Hausdorff quotient of the space X described in Example 8.8 is locally 


compact. 


Recall that a mapping f : X + Y is a compact mapping iff 


Peay Sis compact WOLsevery, tvacem ee 


Proposition 8.10. (a) Every Hausdorff quotient of X is locally compact 
iff X is normal, X= X, ® D where | BX, = x, | <fV, and D consists 


of points isolated in X , and every Hausdorff quotient of X, is regular. 
(Bb) Sit? =X 1's" a" normal space with | 8x - X| = 1 and £ is a quo- 
tient mapping of X onto a non-regular Hausdorff space Y , theta feels oa 


compact mapping. 


Proof. (a) Necessity follows from Theorem 8.7. To show sufficiency, it 
is enough to prove that every Hausdorff quotient of Xx, is locally compact. 


Now given any quotient mapping f : xX >+¥Y , Y is normal by hypothesis. 
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Let 5° : BX, > BY be the Stone extension mapping. Then 5° (ex =X") = 
O O 


(BY - Y) is a closed (in fact, finite) subset of BY » whence Y is 


locally compact. 


(b) Suppose f is a non-compact mapping and choose cae Y such 
tCnae Ee acy.) is not compact. If F is a closed subset of Y which can- 
not be separated from a point p ¢ F , then F is non-compact. Hence 
Pea is a non-compact subset of X and so must contain Tey) 5 LOY 


otherwise we obtain two disjoint, closed non-compact subsets of X , contra- 


dicting the hypothesis that | Bx = x| =1 


Since Y is Hausdorff, there exists a neighbourhood V of ya 
such that p ¢ V. Now Fn (Y-V) is a closed subset of Y » so that 
faalr N (Y-V)] is a closed subset of X missing caOr) . Therefore, 
fe tr OP CY=V)'] 5 neweé also Fn (Y-V) , is compact and we can find a 
neighbourhood W of FO (Y-V) such that p¢W. Thus VUW isa 


neighbourhood of F whose closure misses p , a contradiction, so that f 


must be a compact mapping. 


Coroliary 8.11. Every Hausdorff quotient of a sequential space X is 
locally compact iff X is normal and X = Xx, ® D , where | 8x, - x | <fV 


and D consists of points isolated in X. 


Proof. Necessity is immediate. To prove sufficiency, let f be any 
quotient mapping of X onto a space Y. Then f£ restricted to Xx is 
a closed map by Corollary 4.2, whence Y is the disjoint union of the 
normal space £(X_) and its discrete complement. Therefore Y is normal 


and hence, by part (a) of the proposition, also locally compact. 
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Problem 8.12. If X is a normal space with |8x - X| hl p16 every 


Hausdorff quotient of X regular? An affirmative answer will imply that 


every Hausdorff quotient of X 


is also locally compact. 


CHAPTER IV 


PARACOMPACTNESS 


9. Introduction. 


The F-projectors (for each of five classes F of quotient map- 
pings) of both the collection of paracompact M-spaces* and the collection 
of locally compact paracompact spaces have been documented by Michael [29]. 
A typical result in this area states that the class of all locally compact 
spaces is both the open and the bi-quotient projector of locally compact 
paracompact spaces. This follows from a result of Morita [31, Theorem 2]: 
every locally compact space is an open image of a locally compact paracom- 
pact space. For the class of paracompact M-spaces, Wicke [42, Theorem 2] 


has shown the open projector to be the class of spaces of point-countable 


type.” 


Since closed mappings preserve paracompactness (Michael [26]), 
it=-S-eLear—that Ro (B) =B= Pa(B) whenever B is the collection of 
all paracompact spaces and C is either the class of closed maps or 
perfect maps. Aull [8, Theorem 2] has established that every continuous 
Hausdorff image of a regular space X is countably paracompact iff xX is 
countably compact. It then follows easily that the continuous resolvant 
of paracompact spaces is the class of all compact spaces, a result due to 
MacDonald [22]. For the class F of all continuous mappings with regular 
range, MacDonald and Willard [23, Theorem 3.2] have shown the F-resolvant 


of paracompact spaces to be the class of regular Lindelof spaces. Aull 
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[8, Theorem 1] has recently extended this result from the class of para- 
compact Spaces to the class of all normal spaces with property P , where 
P is any property of a space X which is closed-hereditary°® and which, 
together with the condition that every uncountable subset of X has a 
cluster point, implies that X is Lindelof. Thus, for example, the F- 
resolvant of normal meta-Lindelof’ spaces is the class of regular Lindelof 


spaces. 


The problem of characterizing the quotient and the open resol- 
vants of paracompact spaces appears to be difficult. Some partial solutions 


to the problem are provided in the next two sections. 


10. Quotient Resolvants of Paracompact Spaces. 


Detinitions 10.1. A covering A of a space X will be called compatible 
with the topology of X (or simply, compatible) if a subset K of X is 


closed whenever KnA is closed for every AeA. 


DefintionsLO.2g 1 30)5 A space X has the weak topology with respect to 


a covering A if it is a closed, compatible, closure-preserving cover of 


Ae 


Note that, in particular, a topological space X always has 


the weak topology with respect to any locally finite closed cover of X. 


Theorem 10.3 (Morita [30]). If X has the weak topology with respect 


to a covering {A } , then X is paracompact iff each subspace AY is 
O 


paracompact. 
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Corollary 10-4,[307. , If {A | n « N} is a countable compatible covering 
of a topological space X , then X is normal (respectively paracompact) 


if each A, is normal (respectively paracompact). 


Some progress towards characterizing the quotient resolvant of 


paracompact spaces is given in the following two theorems. 


Theorem 10.5 (Morita [31]). If X has a countable compatible covering 
consisting of compact subsets, then every Hausdorff quotient of X is 


paracompact. 


Corollary 10.6 [31]. If X is a locally compact, Lindelof space, then 


every Hausdorff quotient of X is paracompact. 


Theorem 10.7 (MacDonald and Willard [23]). (a) If xX is regular and 
acc X is Lindelof, then every regular quotient of X is paracompact. 

(b) If X is paracompact and each point of a dense subset of acc X 
has a countable neighbourhood base, then every regular quotient of X is 


paracompact iff acc X is Lindelof. 


In view of the above theorem, MacDonald and Willard [23] conjec- 
tured that every regular quotient of xX is paracompact only if acc X is 
Lindelof. Example 10.11 below, however, shows that such is not the case 
even for quotient mappings with Hausdorff range. But before giving the 


counterexample, we need some additional terminology and a theorem. 


The proof of the following lemma is contained in the proof of 


[31, Lemma 3]. 
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Lemma 10.8. If A is a compatible cover of X and f is a quotient 
mapping of X onto Y with f(A) closed for each AeA , then 


{£(A) | A ¢ A} is a compatible cover of Y. 


For the remainder of this section, ” and m will always be 
infinite cardinals and W (”) will denote the least ordinal of cardinality 
ee 

Recall that a space X is a P=-space [16, 4J] iff every Gs in 
X is open. A space X is m-discrete [20, p. 135] iff each intersection 
of nv or fewer open subsets is open, and <n - discrete [32, p. 386] if 
it 1s m—discrete For*eacheene—-n 2° This an JV - discrete space is just 


a P=space. 


Noble [32, p. 387] has called a space n-compact iff every open 
cover admits a subcover of cardinality less than m . Thus oA = 
compact space is simply a compact space, while an f¥, - compact space is 
just a Lindelof space. 


Our next result generalizes Theorem 10.5. 


Theorem 10.9. If X .is a paracompact <n - discrete space having a 
compatible cover {A, | a < W(n)} consisting of n-compact subsets, then 


every Hausdorff quotient of X is paracompact. 


Proof. Let f be any quotient mapping of X onto a Hausdorff space Y. 
It is easily verified that <n - discrete spaces are preserved by quotient 
Mappings, mecosthate Ys isealso.<n —(discrete.= To bee that every m= compact 
subset B of Y is closed, choose any point p ¢B . Now each point 


y € B_ has an open neighbourhood oe such that p ¢ Uy  eoince 
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Ae | y « B} covers B and B is m-compact, there exists a subcover 


10 (a) | a « A} where |A| <n. But Y is <n- discrete, so that 

aerial Wh teach AYE f “Hence ~Ye=—— 0° eu is an open neighbour- 
reek ey) eh YO ae, y (2) som 
hood of p whose closure misses B. Therefore every n - compact subset 


Open Seclosed= 


Note that every closed subset and every continuous image of an 
nm - compact space is ~- compact. Thus f(A.) is closed in Y for each 
a < W(n) . Moreover, aithough f need not be a closed mapping, its rest- 


Giction to each Ay is closed. 


Since paracompactness is preserved under closed mappings, 
f(A.) is paracompact for each @ < W(”) . Hence ECA) | a < W(n)} 
is a closed compatible cover of Y by paracompact subspaces, applying 


Lemma 10.8. Now define Ke = U £(A,) for each 6 < Wim) . Note that 
a<B 


each Ke is closed (since every union of <m closed subsets is closed) 
and paracompact (by Theorem 10.3). Also, it is easily seen that 
{Kg : 8 < W(n)} is a compatible cover of Y . Hence {Kg > B < w(n)} 


is a closure-preserving, closed compatible cover of Y by paracompact 


subspaces. Applying Theorem 10.3, we conclude that Y is paracompact. 


Corollary 10.10. If X is a paracompact P-space having a compatible 


cover {A | a<w, } consisting of Lindelof subsets, then every Hausdorff 


quotient of X is paracompact. 


Example 10.11. A paracompact space X whose every Hausdorff quotient 


is paracompact, although acc X is not Lindelof. 


ea r-ANeD poigl i | 
44 -H ak ees ae i 
a eae BH Aa sasite’ TN a thie 


—twodigisn aeqo ms at one = eons. @yetys 76 Wee 4a" 
fesdue tasqmoo - KR Y1O8V9 syote1saT «=. & e5eetm sweofo saotw g to won 


«barols ak ¥ en | 
Hears ra! ‘ 


ae 
Ua 


i 2o sgum) svountdno> yisvs bas Jsedue besols yxsvs Isd3 Patt 
Hones tol Y ni bsaoin ei (Ait epdT .jJonqmoo - x ef sopq2e Josqme> = 
=a07 23) ,antaqem bs2zolo 6 ad ton besn 7 dguoijis ,xeyossat . (Ww > 2 


t ; _ ’ 
-baeclg ek A aes od aoksobr 7 


e@gniqaem boazols 19btu bovisesiq @i eeanizSqmoosTeg Sone a 
few > o | (A2) sonsH . (QW > » doses xo? 2580mo0br4eq GE (An : Pa ; 
guivlaqe ,2e2sqeilve sseqmoostaq yd Y io z9yoo Sididaqmoo besots wer & — 


whd3 e308). (KW > A ods r09 (A)2 U = 2H ombleb woh .8,01 semat 
6>u , 


(bseofs ek esvedue bavolo > to noiny -y19ve Sonte) bsaels ab ga foa> 7 
' 
defid neoe ylieso 2f 31 ,oelA .(€.0! mstosdT vd) Jonqmoss mag bee a 


{(qw >: gil somsH + Y Yo ssvoo sidtisqmon : et {(njw> a: ga > 


Jonqmocszsq vf Y 10 tsvoo Ssidijteqmoo bsanlo ,guivirsasiq-syweols B eb 

_, 

-Soeqmoontsq ei Y i619 sbulonos sw .€.01 mexosiT gatyiqgA -easaqadyae = . 
eo 


sidijeqnos s guiysi! sosqe-T jonqaookisq 6 et X 2T -OL.0L ves besos 


Ritobeusi yreve asi ,ez9edu2 246lsbnid io gataeianoos { per | Ah 


: 


-29sqmoona7ey at X io 2 


4 


Sot sonp Probeystt YIsvS seodw xX ail Josqmoosang 4. EL.O. 


“état ton ie ir aa ~ 


39. 


Let Y denote the set of ordinals less than or equal to the 
first uncountable ordinal Wy > equipped with the topology rendering each 


point isolated except WwW, , whose neighbourhoods consist of all cocount- 


1 
able subsets of Y . Define X to be the disjoint union of uncountably 
many copies of Y . Then X , being the disjoint union of P-spaces, is a 
P-space. Although acc X is clearly non-Lindelof, every Hausdorff quotient 
of xX is paracompact by the previous corollary. 


Incidentally, this example also shows that the quotient resolvant 


of paracompact spaces is not contained in this class of all k-spaces. 


Example 10.12. Although every (completely regular) P-space is O0-dimen- 
Sional, the hypothesis that X is a P-space in Corollary 10.10 cannot be 
replaced by the requirement that X is O-dimensional, even if "Lindelof" 
is strengthened to "compact". For if X is the disjoint union of uncount- 
ably many convergent sequences, then X has a non-paracompact Hausdorff 


quotient, as will be seen in Corollary 10.21. 


After first establishing some preliminary lemmas, we shall 
conclude this section with a characterization of those paracompact spaces 
of point-countable type belonging to the quotient resolvant of paracompact 
spaces. The only sufficient conditions hitherto available for non-O- 
dimensional spaces (viz. Theorems 10.5 and 10.7) imply that X is Linde- 
16f. That X need not be Lindelof is apparent from the following lemma 


which slightly improves Corollary 10.6. 


Lemma 10.13. lf X is locally compact and acc X is Lindelof, then 


every Hausdorff quotient of X is paracompact. 
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Broou. Let f£ be a quotient mapping of X onto a Hausdorff space Y 
and let {U, | i ¢€ N} be a countable open (in X) cover of acc X such 


that U; is compact for each i , where U, denotes the closure of U. 
at 


[oe] oe) 


ieee. eet =) U, = U U, is an open, hence locally compact, 
i=l i=1 


Cc 


subspace of X containing acc X . Since U oy is also Lindelof, U 
i=1 


is paracompact. Noting that xX is the disjoint union of the clopen set 
U and its discrete complement, we see that f restricted to U remains 
a quotient map, and £(U) is paracompact by Corollary 10.6. That Y is 
paracompact now follows easily from the fact that Y- £(U) is a closed 


set consisting of isolated points. 


Recall that a space X is said to be of point-countable type 
[5] iff X is covered by a collection of compact subspaces of countable 
character.) li x @ X, wevshall say that xX is of point—countable type 
at x whenever x belongs to a compact subspace of countable character. 
Every first countable space is clearly of point-countable type. Arhangel' 
skii [5, Theorem 3.8] has shown that every topologically complete space X 
Gis, Per BITE) Gs is BX [10]), and hence every locally compact space, 


is of point-countable type. 


Lemma 10.14. ltieaespace ©. 5-00 point-colntable” typeuat, )x.e sacc . 
and U is an open neighbourhood of x , then there exists a compact set 
K of countable character such that x «€ K ¢ U and such that some 


sequence in U- K is eventually in every neighbourhood of K. 


Proof. The first part of the lemma is essentially a restatement of a 


result due to Wicke [42, Lemma 2] stating that a Hausdorff space X is 
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of-point-countable™type iff whenever™” U “1s open’in™= KX? and’ *x E70", *there 

exists a compact’ Set K “of countable’ character such that’ x'é K < U % 
The~sécond™ part of*the conclusion 1s immediate if, ‘Kc U".°~ So 

Suppose xé«K =U. Then we can find a sequence (U,) of open neighbour- 


Hoods Of) x” Such that U. "=Ah* aid ip Eire LOrecacnewL@erN . abet 
if itl ipsa 


K' = a U; = U; . Then K' is a (non-open) compact Gs subset of 
i=1 i=l 


K and so is of countable character. If we choose x. € U, - Via for 
each ie N , then (x,) is a sequence in U - K"' which is eventually in 


every neighbourhood of K' . 


Remark 10.15. Suppose x is a non-isolated point in X and x belongs 
to a compact subspace of countable character. It is not necessarily true 
that some pointyohe Kes. the, limit of a sequence in X = K , as the 
following example illustrates. 

Let” X = BN , the Stone-Cech compactification of the natural 
numbers, and let K=86N-N. Then K is a compact subspace of countable 


character, but no’ point of K is the limit of a*sequence in ‘N’. 


The following two lemmas improve [23, Theorems 4.3 and 2.2] 


respectively, employing essentially the same techniques. 


Lemma 10.16 [CH]. If X is paracompact and of point-countable type at 
a dense set of points of acc X , then every Hausdorff quotient of X is 


regular only if acc X is Lindelof. 
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Proof. Suppose that X is paracompact and of point-countable type at a 
dense set of points of acc X , but that acc X is not Lindelof. Then by 
[23, Lemma 3.1], acc X contains an uncountable subset {x, | Class wt 
having no accumulation point. Since X is collectionwise normal, there 
exists a discrete family {Uy | a < w, 3 of open sets such that Xy € Uy 
for each oO = OF . The hypothesis that X is of point-countable type at 
a dense set of points of acc X and Lemma 10.14 together imply the 
existence of a collection {Ky | a< w, 4 of (non-open) compact subsets of 
countable character such that Ky c Whe fOr eden a< WO, : 

Let Y be the quotient space obtained from X by identifying 
each Ry to a point, say vane and note that each Yy € ace Y ee Now 
{£(U,) | (ey Ss wd is a discrete collection of open sets with 
Vous o(Us) » and each Va has a countable base. Hence we can find a 


co 
collection ny | Cis w 4 of disjoint sequences of distinct points 


n=l 


such that Oey ay PorecachanO ..8- LEtagA =U (lyns sue SD) 
1 


Now given such a closed subset A of a paracompact space Y , MacDonald 
and Willard [23, p. 1085] have constructed (on the continuum hypothesis) 
a non-normal regular quotient of Y . But this in turn will yield a non- 
recular sHAusdori: quotient of ~Y 4).and hencesof |X. by identifying to a 


point one of two disjoint closed subsets which can't be separated. That 


completes the proof of the lemma. 


Lemma 10.17. If X is of point-countable type and every Hausdorff 
quotient of X is regular, then either 
(a) acc X is countably compact, or 


(b) X is locally countably compact. 
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Proof. If neither “(a) ‘nor“(b) *holdsiS we ‘can find ine lace Xoca point »-y 
having no countably compact neighbourhood and a sequence (x) in 
acc X - fy} having no cluster point. Let U_ be a closed neighbourhood 
of y containing no a By the regularity of X , we can inductively 
choose a sequence we) of pairwise disjoint open sets such that 
x, € \E © X-U for each n. According to Lemma 10.14, there exist 
compact subsets K,K, oKy,°°* of countable character such that ye Koc 
ore aeand zoe KO S ML . For each ne N , choose a sequence 
(x5 | LecaN Joreit ib. = KO which is eventually in every neighbourhood of 
Roe et iW, | n e N} be a nested neighbourhood base at K with 
U, =U and such that for each neN , US ~ UP | contains a sequence 
On | i e« N) having no cluster point. 

Now identify K to the point y and identify XG with thes 
for all n,ieN. The resulting (Hausdorff) quotient is non-regular, 


since the closed set utk, | ne N} cannot be separated from the point 


y . But this contradicts our assumption, so that either (a) or (b) must 
hold. 
Remark 10.18. The requirement that X be of point-countable type can- 


not be omitted from the hypothesis of the previous lemma, for consider 
the quotient space X obtained from the real line by identifying the 
integers. Clearly, X is not of point-countable type and satisfies 
neither (a) nor (b) of Lemma 10.17. But every Hausdorff quotient of the 


real line, and hence of X , is regular by Corollary 10.6. 
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Theorem 10.19. Let X be a paracompact space of point-countable type. 


Then the following are equivalent: 


(a) every Hausdorff quotient of X is paracompact; 
(b) every Hausdorff quotient of X is regular; 
(ce) ace X is compact, or else X is locally compact and acc X 


is Lindelof. 


Proof. Ga)? => *Cb)> ST's 1s obvious. 

(b) => (c) : This implication follows from Lemmas 10.16 and 10.17 
combined with the fact that a countably compact, paracompact space is 
compact. 

(c) => (a) : If acc X is compact, then every Hausdorff quotient 
is regular [23, Theorem 2.1] and, because acc X is Lindelof, every 
regular quotient of _X is paracompact. If acc X is Lindelof and xX is 
locally compact, then every Hausdorff quotient of xX is paracompact by 


Lemma 10.13. 


Corollary 10.20. If X is a metric space, then every Hausdorff quotient 
of X is paracompact (equivalently, regular) iff acc X is compact, or 


else X is locally compact and acc X is separable. 


Corollary 10.21. If X is a locally compact, paracompact space, then 


every Hausdorff quotient of X is paracompact (equivalently, regular) iff 


acc X if Lindelof. 


Remarks 10.22. (i) The independence of the two parts of condition (c) 


of Theorem 10.19 is easily checked. A convergent sequence with each non- 
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limit point expanded to an infinite discrete set satisfies the first part 


but not the second, while the real line works the other way. 


(ii) Theorem 10.19 suggests that the quotient resolvants of regular 
Spaces and of paracompact spaces coincide. However, the space of countable 


ordinals together with Corollary 8.11 forms a counterexample. 


Problem l0.23. Does the class of paracompact spaces belonging to the 
quotient resolvant of regular spaces coincide with the quotient resolvant 


of paracompact spaces? 


11. Open and Bi-Quotient Resolvants. 


Any condition given in Section 10 which is sufficient for a 
Space X to belong to the quotient resolvant of paracompact spaces is 
clearly also sufficient for X to belong to both the open and the bi- 
quotient resolvants of paracompact spaces. Additional results concerning 
the open and the bi-quotient resolvants of paracompact spaces are provided 


in this section. 


Lemma 11.1. If xX is a locally countably compact, sequential, normal 


space, then every bi-quotient Hausdorff image of X is regular. 


Proof. Let f be a bi-quotient mapping from X onto a Hausdorff space 
Y . It suffices to show that every point y ¢« Y has a closed neighbour- 
hoodiwhich.is amormals subspace of, Y, ..,Given, y.é .¥.,)1Let 


{U,, | x « Poon be a cover of el) by countably compact subsets 
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Such tac x 6 Int U,. TOTS CaAch xc flit (yf) - Then there exist 


n 
Pectin such that’ y <€ Int™£(U) 4* where’ 2Ue= fF ipey . Using Proposition 


U 
x1? i=] xi 


4.1 together with the fact that every closed subset of a sequential space 
is sequential, we see that f restricted to the normal subspace U is 


a closed mapping. Therefore the closed neighbourhood £(U) of y isa 


normal subspace of Y. 


Lemma 11.2. If X is a Hausdorff space of point-countable type, then 


either of the following conditions implies that X is regular: 


(a) acc X is countably compact; 


(b) X is a locally countably compact, sequential space. 


Proof. (a) Given any point x «¢ acc X and a closed set F not contain- 
ing x , there exists a compact set K of countable character such that 
xe Re XxX = CF Macc X)™, *by Lemma POST4Pee1e {G, | teN} © is a nested 
Open base at K~, then {X - Ge | iL en} is "an ope cover cfs tntacele . 
Since F'n acc’ X is countably ‘compact, ~ x é ee e ice <¢ X - (Fn acc X) 

for some “in e€ N”™. But then “~Ur= CG. nN (X-F) is an open neighbourhood of 


x whose closure misses F . Therefore X is regular. 


(b) Let X be a locally countably compact, sequential Hausdorff 
space of point-countable type. If X is not regular, then there exists a 
closed set F anda point x ¢ F which cannot be separated. Let U be 
a (closed) countably compact neighbourhood of x . Then by Lemma 10.14, 
there exists a compact set K of countable character such that xe Koc 
Int U n (X-F). Let {| n « N} be a countable nested base at K_ such that 


G, <c Int U n (X-F) , and choose a point x, € ei fel eetorseach) of = Now 
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the sequence (x) » being contained in U , must have a cluster point p¢kK. 
But then the compact set K cannot be separated from the point p ,a 


contradiction. Therefore X must be regular. 


Tigi > Xo ee Seat open Mapping, ‘then s accs Yee t (ace X) sand 


Y is of point-countable type whenever X is . Thus we obtain 


Corollary 11.3. If X is a Hausdorff space of point-countable type 
satisfying either (a) or (b) of Lemma 11.2, then every open Hausdorff image 


Of) Xe iseresular. 


Example 11.4. The hypothesis that X be locally countably compact cannot 
be dropped from Lemma 11.2 (b) as shown by the following well-known example 
of a non-regular Hausdorff space. 

Let X be the real line with each point except O having Aw 
usual neighbourhood system, and let neighbourhoods of O be of the form 
U- A where A= {= | neN}. Then X is first countable, hence sequen- 
tial and of point countable type, but no neighbourhood of O is countably 


compact. 


The proof of the following lemma uses the techniques of the proof 
of Lemma 10.17 and of Alster's proof [2] of the equivalence of (b) and (c) 
in Theorem 6.4.° Recall that every O-dimensional space is (completely) 


regular. 


Lemma 11.5. If xX is a O-dimensional space of point-countable type and 


every open image of X is regular, then either 
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(a)jeracc  . a 1 Secountaplyecompact, or 


(b) X is locally countably compact. 


Proof. If neither (a) nor (b) holds, we can find in acc X a point x, 
having no countably compact neighbourhood and a sequence (x) it eC ke — 
ix. having no cluster point. Let tu | n = 0,1,2,°**} be a collection 
of pairwise disjoint clopen subsets whose union is xX and let 

{Kk | n = 0,1,2,°°*} be a collection of compact subsets of countable charac- 
ter such that x ¢ KY (= Us fOpene-s0) oc. een Om Cache nenuwen can 


choose a base fs | ih te Nie Be K consisting of clopen sets such that 


(= . 
Ur ml gla for each me N and such that Un Us mi i8 not countably 
compact for each me N. But this last statement implies the existence, 
for each meN , of a cover Wa | ive Niwot Ue - Ue aaa by disjoint 


clopen subsets. 
Consider the quotient space Y obtained from X by identifying 


V UECU JeeLOeaePOJNtetOr eacheun.miciNuweoltuar, 15 thesinduced 


= ih 
mn nm n mtl 
quotient map, then f is an open map onto the Hausdorff space Y. But 


since the compact set Ko cannot be separated in Y from 


CO foe; 
U Ko = u K , Y is not regular, a contradiction. Therefore either 
n=1 n=1 


(a) os) (b) “must "hold: 


Combining Lemma 11.5 with Corollary 11.3, we obtain 


Theorem 11.6. If X is a O-dimensional, sequential space of point- 
countable type, then every open image of X is regular iff acc X is 


countably compact or else X is locally countably compact. 


Corollary 11.7. If xX is a O-dimensional, first countable space, then 


every open image of X is regular iff acc X is countably compact or 
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else X is locally countably compact. 


The proof of our next theorem makes use of the space WwW of 
Isbell which is described in [16,51] and which can be constructed as 
follows. Let E be an infinite collection of infinite subsets of N , 
maximal with respect to the property that if Ey and Ey are distinct 
members of E , then EL qn E, iSefini te. eee ORs | neéN) denotes a 
member of E , we may (on the continuum hypothesis) write 
E = DLC ae | ers w,)4 . Now choose a set D = ie i wake w, I of distinct 
points not belonging to N and define ~) =N UD with the following 
topology: each point of N is isolated, while a neighbourhood of he 


) 


is any set containing Se and all but finitely many points of Ole 


Then is a non-normal, locally compact, first countable Hausdorff space. 


Theorem 11.8 [CH]. If X is a O-dimensional, paracompact space of point- 


countable type, then the following statements are equivalent: 


(a) every bi-quotient image of X is paracompact; 

(b) every bi-quotient image of X is normal; 

(c) every open image of X is paracompact; 

(d) every open image of X is normal; 

(2) Cce eet SecOmpact, 01 ClSGurX aeiSe local lyscompacteand seacCr ners 


Lindelof. 


Proof. That (a) implies each of (b) and (c), and that each of (b) and 
(c) implies (d),are obvious. The implication (e) => (a) follows from 
Lemma 10.13 combined with the fact that a Hausdorff space X is paracom- 


pact whenever acc X is compact. 
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(d) => (e) : Suppose every open image of X is normal. Then by 
Lemma 11.5 and the fact that a countably compact, paracompact space is 
compact, either acc X is compact or X is locally compact. If acc X 
is not Lindelof, then acc X contains an uncountable discrete subset 
ese | (eas w, 3 - By collectionwise normality and Lemma 10.14, there exists 
a collection {K, | a < w, 3 of compact subsets of countable character and 
a discrete collection {Uy | a< wt of mutually disjoint clopen sets 
whose union is X_ such that Ky € Ky C Uy - 1 FOr’ Caachi sons W) » let 


Use | n ¢ N} be a base at Ky consisting of clopen sets such that 


Von+1 7 von 


Now-let “c= Uhl pee | hws w 3 be the collection defined above 


in the description of w , and define a mapping f : X*Y=NuU we Ky 
uf 


as follows: f restricted to each Ry is the identity map and 


) = hae tor Gach 1 eeN +, 0 OW If Y is assigned the 


quotient topology, then f is an open mapping from X onto Y. Note 


Son a acne 
that Y can be mapped onto wW by a closed mapping, by identifying each 
K with y . Hence Y is not normal, for if it were then w would 
be normal, which it is not. Since Y being a non-normal open image of 


X contradicts our hypothesis, we conclude that acc X must be Lindelof. 


Remark 11.9. The idea for the mapping f in the previous proof comes 
from the proof of [23, Theorem 4.3], where a similar mapping is defined 


onto w. In their case, however, the mapping need not be open. 


The previous theorem suggests the following two problems, similar 


to one posed by Alexandroff (see [6, Problems 1.2 and 1.3]): is every 


normal space that is an open compact image of a metric space metrizable? 
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Problems 11.10. (i) Does the class of paracompact spaces belonging to the 
open resolvant of normal spaces coincide with the open resolvant of para- 
compact spaces? 

(ii) Does the class of metrizable spaces belonging to the open resol- 
vant of paracompact spaces coincide with the open resolvant of metrizable 


Spaces? 


An affirmative answer of Problem 11.10 (ii) is obtained in the 
case of metrizable spaces which are locally separable, since every continu- 
ous open image of a locally separable, metrizable space is locally metriza- 


ble and a locally metrizable paracompact space is metrizable. 


Remark 11.11. Resolvants behave badly as far as subspaces and extended 
topologies are concerned. For example, every Hausdorff quotient of the 
real line is paracompact, by Corollary 10.6. But by Corollary 11.7, there 
exists a non-regular Hausdorff open image of both the subspace of rationals 


and the Sorgenfrey line. 
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CHAPTER V 


REGULARITY AND NORMALITY 


TZ. Sintroduction, 


The F-resolvant of the class of regular spaces will be of 
interest whenever one attempts to characterize the F-resolvant of a class 
of spaces which are regular (for example, locally compact or paracompact 
spaces), and conversely, any attempt to characterize the latter will shed 
some light on the former. This being the case, we now have at our dispos- 
al several results, established in earlier chapters, concerning the F- 
resolvants of regular spaces. The present chapter will, for the most part, 


simply serve as a compendium of these results. 


Since regularity is preserved by perfect mappings and normality 
by closed mappings, the perfect resolvant of regular spaces is clearly the 
class of all regular spaces, while the perfect and the closed resolvants 
of normal spaces are both simply the class of all normal spaces. It is 
easily seen that the F-resolvant of regular spaces coincides with the F— 
resolvant of normal spaces whenever F is the class of closed maps, hered- 
itarily quotient maps, quotient maps or continuous maps. That such is not 
the case for the class F of bi-quotient maps follows from the facts that 
there exist non-normal locally compact spaces and every bi-quotient image 
of a locally compact space is locally compact. Observe also that 
X = Xx, ® D , where D consists of points isolated in X , belongs to the 


F-resolvant of regular (normal) spaces whenever xX, does. 
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13. Resolvants of Regular and Normal Spaces. 


Quotient resolvants of regular spaces were first isolated for 
study by MacDonald and Willard [23], who proved both the following theorem 


and Proposition 13.2 (1). 


Theorem 13.1 [23]. Every continuous Hausdorff image of X is regular 


iff xX is compact. 


EEODOSLCIOUG S512. Every Hausdorff quotient of X is regular if X 


satisfies any one of the following conditions: 


Gi) ace X is compact; 

(iss) every closed subset of X is of countable character; 

(iii) X = xX, ® D , where xX. is a paracompact <7” - discrete space 
having a compatible cover {A | a < W(n)} consisting of m- compact sub- 
sets and D consists of points isolated in X ; 

(iv) X = Xo ® D , where xX, has a countable compatible cover 
consisting of countably compact, sequential, normal subsets and D _ con- 


sists of points isolated in X. 


Proof. Conditions (i) and (iii) are respectively [23, Theorem 2.1] and 
Theorem 10.9. Proposition 4.4 combined with Theorem 4.5 shows the suffi- 
ciency of condition (ii). 

To see that condition (iv) suffices, it is enough to show that 


every quotient image of Xx, is regular. Let f: Xx. > Y be a quotient 


oc 
mapping and suppose Xx, = nae K_ where each kK is a countably compact, 


sequential, normal subspace and a set F is closed in Xx, whenever Fn K, 
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is closed for each n. We first establish that Xx is sequential. . To 
this end, let A _ be a subset of Xx, which is not closed. Then An Ka 
is not closed for some meN. But Kh is sequential, so there exists 
a sequence | (x,) in Aon K, converging to a point x « Ss -A. All the 
more, then, (x) is a sequence in A converging to a point not in A, 
and we conclude that Xx, is sequential. 

Now observe that, using Proposition 4.1, the restriction of f 
to each K is a closed map. Hence by Lemma 10.8, {£(K) | ne Nt 
is a countable, closed compatible cover of Y by normal subspaces. It 


now follows from a result of Morita (see Corollary 10.4) that Y is 


normal. 


Part (a) of the next proposition improves [23, Theorem 2.2], 
which states that a necessary condition for every Hausdorff quotient of a 
first countable space X to be regular is that acc X is locally count- 
ably compact. Incidentally, the example given in [23, Example 2.3] to 
show that this condition is not sufficient for first countable spaces is 
incorrect. The first countable space X given there satisfies condition 
(iii) of the previous proposition (with n =fV ) , so that every quotient 
of X is regular. However, that acc X being locally countably compact 
is not sufficient for every quotient of a first countable space X_ to be 
regular is evident from the following example together with Proposition 
13.3 (a): let X be the closed upper half plane with each point (x,0) 


retaining its uSual neighbourhood system and every other point being 


isolated. 
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The first part of the next proposition is just a restatement of 
Lemma 10.17. It is easily checked that the proof of Lemma 10.16 actually 
verifies Proposition 13.3 (b), a strengthened version of Lemma 10.16. 
Observe that all sequential paracompact spaces satisfy the hypothesis of 


the strengthened version given below. 


Proposition 13.3. Each of the following statements provides a necessary 


condition for every quotient of a space X _ to be regular. 


(a) If X is of point-countable type, then acc X is countably 


compact or else X is locally countably compact. 


(b) If X is paracompact and each point x of a dense subset of 
acc X has the property that for every neighbourhood U of x , there is 
a compact set K such that x e« Kc U and such that some sequence in 
U - K is eventually in every neighbourhood of K , then acc X is Linde- 


Ti. 


Corollary 13.4. If X is a paracompact space of point-countable type, 
then every Hausdorff quotient of X is regular iff acc X is compact, or 


else X is locally compact and acc X is Lindelof. 


Condition (v) in the next proposition follows from Theorem 8.7. 


Proposition 13.5. Every hereditarily quotient Hausdorff image of xX is 
regular if X satisfies any one of conditions (i) - (iv) of Proposition 


oO. 


(v) X is normal and X= X ®@ Dee where | BX, = xo | whe and D 
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consists of points isolated in X. 


Condition (vi) in the next proposition is Lemma 11.1, while 
condition (vii) follows from the fact that every bi-quotient image of a 


locally compact space is locally compact. 


Proposition 13.6. Every bi-quotient Hausdorff image of X is regular 
if xX satisfies any one of conditions (i) - (v) or either of the follow- 
ing: 

(vi) X is a locally countably compact, sequential, normal space; 


(vii) X is locally compact. 


The following three propositions are restatements of Corollary 


11.3, Lemma 11.5 and Theorem 11.8 respectively. 


Proposition 13.7. Every open Hausdorff image of X is regular if X 
satisfies any one of conditions (i) - (vii) or either of the following: 
(viii) X is of point-countable type and acc X is countably com- 
pact; 
Cie) X is a locally countably compact, sequential space of point- 


countable type. 


Proposition 13.8. If X is a O-dimensional space of point-countable 
type and every open Hausdorff image of X is regular, then acc X is 


countably compact or else X is locally countably compact. 


Corollary 13.9. If X is a O-dimensional sequential space of point- 


countable type, then every open Hausdorff image of X is regular iff 
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acc X is countably compact or else X is locally countably compact. 


Proposition 13.10 [CH]. If X is a O-dimensional paracompact space of 


point-countable type, then the following statements are equivalent: 


(a) every bi-quotient Hausdorff image of X is normal; 
(b) every open Hausdorff image of X is normal; 
(c) ace X is compact, or else X is locally compact and acc X 


is Lindelof. 
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FOOTNOTES 


Credit for the descriptive terms "projector" and "resolvant" goes to 
Dr. Stephen Willard. 


A space X is bi-sequential [29, Defintion 3.D.1] iff whenever a 
filter base F accumulates at x in X , then there is a decreasing 
sequence (A) in X which meshes with F and converges to x. 


A space X is a k'-space [5, Defintion 3.2] iff whenever xe A 


in X , then x e« AnK for some compact Kc X. 


A space X is a paracompact M-space iff there exists a perfect map 
from X onto a metrizable space. 


Wicke actually states his result for paracompact p-spaces in the sense 
OfsArhaneei skid, (3)... —Buteas pointed out by Michael” (29, -p.92], a 
Hausdorff space is a paracompact M-space iff it is a paracompact p- 
space. 


A property P of a space is said to be closed-hereditary iff every 
closed subset of a space satisfying P also satisfies P. 


A space X is meta-Lindelof iff every open cover of X has a point- 
countable open refinement. 


I wish to thank Dr. L. Friedler for bringing the article by Alster [2] 
to my attention. 
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